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Abstract

An effective method for calculating molecular weight distribution in non-linear free radical copolymerization is proposed in this work.
This method is based on the direct integration of a system of non-linear differential equations describing the conservation of ‘dead’ polymer
and ‘live’ radicals in a reactor. A fairly general kinetic mechanism was employed to describe the complex kinetics of non-linear
copolymerization. Assumptions made were justified by comparing calculated distributions with results obtained without making any
assumption. This method may be applied to industrial free radical polymerization systems, thus leading to a more rational design of

polymerization reactors.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The production of polymers with desired end-use
properties is of significant financial importance to the
polymer industry. One of the most important molecular
properties that control the end-use characteristics of
polymers is the molecular weight distribution (MWD) as
it directly affects the physical, mechanical and rheological
properties of the final product.

The importance of predicting final product end-use
properties as a function of process conditions in free radical
polymerization has led to the development of several
mathematical models, dealing with the calculation of
MWD. These models can be classified to statistical models
[1-7], the instantaneous MWD method [8-13], the
continuous variable approximation [14—21], the method
of moments [22-28], generating functions [29,30], numeri-
cal inversion of z-transforms [31] and analysis Fourier [32],
deconvolution techniques [33,34], discrete weighted
residuals [35-37], numerical fractionation [38-40] and
the discrete population balance approach [41,42].

For copolymerization, the only applicable methods to
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obtain MWD are generating functions [29,30], the instan-
taneous MWD method [8—13] discrete weighted residuals
[35—37] and the statistical approach [1—-7]. The aim of our
present work is to calculate the MWD in non-linear free
radical copolymerization including branching reactions
such as transfer to polymer. According to Liu and
Amundson [43], Detar and Detar [44], Ray [45], this
complex task could be achieved by directly solving the
original mass conservation balances. This approach was
applied to simplified reaction schemes [43,44] but only the
implementation of powerful computer facilities, can allow
its application to complex copolymerization kinetics.

In the following sections, the kinetic mechanism, as well
as the corresponding reaction rates are briefly reviewed and
the problem formulation by direct integration is given.
Finally, results are discussed and conclusions are drawn.

2. Kinetic mechanism and polymerization rate functions

Copolymer chains comprise two types of repeated units.
As a result, three subscripts are required in order to identify
a copolymer chain having long chain branches. We denote
with sz,m,b ‘live’ radicals and with P, ,,, ‘dead’ polymer,
having n units of monomer 1 (M;), m units of monomer 2

(M) and b long chain branches (LCB) per molecule,
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respectively. The superscript i refers to the ultimate
monomer unit in the radical chain. A fairly general kinetic
mechanism was used to described non-linear free radical
polymerization [45,46]:
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Here, I is initiator, PR" stands for an initiator fragment, M
represents monomer, S is modifier. It was also assumed that
each polymer chain has no more than one radical, no
depropagation reactions occur and the penultimate effect
can be included in given rate constants. The above reaction
mechanism is strictly valid at low conversion before the
onset of auto-acceleration phenomenon (gel effect). Besides
this limitation, the present reaction mechanism describes
important industrial processes such as the ethylene copoly-
merization with various comonomers (vinyl acetate, acrylic
acid, etc) at high pressure [47,48]. Tirrell and co-workers
[49] developed a model for the gel effect in the
homopolymerization case, taking into account the termin-
ation kinetic rate constants’ dependence on the chain length.
However, to our knowledge this model was not extended to
copolymerization due to the complexity of reaction
mechanism.

Based on the above kinetic mechanism a set of algebraic
or differential equations, depending on the reactor type and
mode of operation (steady state or dynamic) is derived in
order to describe the mass conservation of the various
reactants in a polymerization reactor. For a batch polym-
erization reactor, one can derive the following design
equation: d(VG)/dt = Vrg. For a semi-batch polymerization
reactor as well as a continuous stirred tank reactor (CSTR)
operating under transient conditions the general mass

balance equation takes the following form: d(VG)/dr =
FGin — FGou + Vrg. Finally, for a tubular reactor operating
under steady state conditions and by assuming the absence
of axial and radial mixing, the design equation is: d(u,G)/
dz = rg. rg denotes reaction rates of various species
(initiator, monomer(s), modifier, live and dead polymer
molecules), V stands for reactor volume, ¢ is time, z
represents axial coordinate and u, is the axial velocity.

Combining the reactor design equations with the proper
copolymerization rate functions will result in an extremely
large system, which must be solved numerically to obtain
the bivariate number chain length distribution (NCLD). In
Appendix A, the respective copolymerization rate functions
are given.

So far, this large system has been transformed to a low
order system using the method of moments introduced by
Ray [30,45], in order to calculate some characteristic
averages such as the number and weight average molecular
weights or the mean copolymer composition, in terms of the
leading moments of the bivariate number chain length
distribution.

An alternative way to write the polymerization rate
functions is to introduce the total chain length L = n + m,
instead of using symbols Ri,,m and P,,, and derive
polymerization rate functions for the total number chain
length distribution (TNCLD).

Let, TRi and rp,, denote, in the case of copolymerization,
the net rates of the production of live radicals and of dead
polymer molecules, having a total chain length L,
respectively. Based on the above kinetic mechanism, the
following general rate functions can be derived:

2
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Where 6 is Kronecker’s delta; RiL,PL represent concen-
tration of live and dead polymers having total chain length
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L, respectively. R} is the total radical concentration of
radicals type i and is identical to zero order moment (Aj,) of
live radicals MWD. Summations 3o Se_on® 'm"~'P,,,
are identical to the first order moments of dead polymer
MWD, respectively (see Appendix A). CC(Li) = 1pim X
n?im 71Pn,m/LPL denotes copolymer chain composition.

The above system (Eq. (1)) can be transformed using
several mathematical techniques to a low order partial
differential equations system. This low order system could
be solved analytically or numerically to obtain polymer
MWD. The aim of our present work is to calculate polymer
MWD by direct integration of the large system of ordinary
summation-difference equations describing macromolecu-
lar mass conservation in polymerization reactors (Eq. (1)).
This is examined in detail in Section 3.

3. Problem formulation

The first step for solving the problem by direct
integration is to choose the correct integration scheme.
The equations of the model include the low molecular
weight species mass balances such as initiator(s), mono-
mer(s), modifier(s), primary radicals, coupled with energy
and momentum conservation equations and the moment
distribution equations as well as the macromolecular (live
and dead polymer) equations. The former type of equation is
usually stiff but the latter not stiff which renders a
simultaneous integration of the equation system ineffective.
Therefore we have chosen the following two level
algorithm.

The first level includes integration of monomer(s),
initiator(s) and modifier(s) primary radical and moments’
stiff equations using multi-step predictor—corrector
methods, such as Gear’s method. The definition of stiff
differential equations as well as a detailed description of
single step and predictor—corrector algorithms are given
elsewhere [50]. The second level includes integration of live
and dead polymer mass balances using a single step method.
Explicit methods such as forward Euler are preferred in
cases that physical parameters (kinetic rate constants,
physical properties etc.) depend on calculated distribution
or on chain length distribution. Implicit methods such as
backward Euler require additional computations but offer
improved stability properties. In our present work the
backward Euler integration scheme has been chosen.

To implement the dual integration scheme we divide
time (batch reactor, semi-batch reactor or dynamic CSTR)
or reactor length (PFR) in sub-intervals. In each subinterval
low molecular weight species mass balances and moments
equations were solved using Gear’s method. The calculated
values were used in the second level where integration by
backward Euler of macromolecular species balances takes
place.

Model equations (Eq. (1)) could be solved numerically to
obtain the total weight molecular weight distribution

(TWMWD) in non-linear copolymerization. However, it is
impractical to calculate this distribution by solving the
original dead polymer and live radical mass balances
without making any kinetic assumption.

In order to increase computational efficiency and
decrease the required time for execution four well
established assumptions were implemented: (a) the uniform
copolymer composition assumption, (b) the long chain
hypothesis (c) the quasi steady state (QSSA) approximation
for live copolymer radicals and (d) the continuous variable
approximation (CVA).

In order to calculate MWD we have to calculate the
copolymer composition distribution CC(Li) (see Eq. (1))
from the entire bivariate number chain length distri-
bution (NCLD) and solve an extremely large system
(~10° equations) that is impractical. Following Stock-
mayer [3] we simply assume that the composition CCf)
follows uniform distribution and therefore its value is
equal to its mean value CC®. This assumption was
shown by Stockmayer [3], Ray [45], Hamielec and co-
workers [10], to be valid for linear copolymer chains
having total length (L) above 100. According to Ray
[45], this assumption can be viewed as a consequence
of long chain hypothesis (LCH) which assumes that the
initiation rate of a polymer chain is much slower than
the corresponding propagation rates. In other words,
monomer is consumed mainly by propagation reactions
and polymer chains are quite long.

To reduce execution time for the solution of the problem
we have to resort to the quasi-steady approximation
(QSSA). Hamielec and co-workers [51-53] successfully
implemented this assumption to calculate MWD by
instantaneous MWD method in linear copolymerization
with diffusion controlled termination reactions. According
to the QSSA the rate of variation with time (or axial length
in PFR) of live radical concentration, is relatively small,
compared to the other terms of Eq. (1). Consequently, the
first term of reactor design equation drops for live radical
mass balances and these equations are transformed to a
highly coupled algebraic system, (rz; = 0) which is solved
numerically in order to calculate live radical MWD.

The continuous variable approximation (CVA) was
implemented to decrease the number of equations of the
algebraic live radical mass balance system. The CVA
introduced by Bamford and Jenkins [14], Zeman and
Amundson [15,16] was utilized in many works [17-21]
dealing with the calculation of MWD in free radical
homopolymerization. By applying the CVA the discrete
system is transformed to a continuous variable system by
expanding the concentration of live radicals having total
chain length L, in Taylor expansion truncated after the
second term:

1 %R
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The derivatives in the above expression can be directly
calculated by using a finite difference scheme significantly
reducing the number of equations to be solved:

R’ . (RIL - Ri*nstep) X 9°R’
ax |, nstep Tt |,
_ (R;‘ - ZR;‘, nstep + RZ*ZT]S&:]}) . (3)
= 5 :
Tstep
i=1,2

Where mstep is the chain length step used in the
discretization.

Implementation of the CVA reduces the number of mass
balances of live radicals to be solved and transforms them to
an ordinary differential equations system with respect to
chain length that can be directly solved using the finite
difference scheme of Eq. (2).

An additional difficulty in solving directly polymeriz-
ation rate functions arises from the calculation of sum-
mations appearing in the termination by combination
reaction rates (Eq. (1)). These summations transformed to
integrals by the CVA were evaluated using 7-point New-
ton—Cotes integration rule.

By using the above assumptions one can directly
calculate dead polymer TWMWD by solving the corre-
sponding mass balances (Eq. (1)). The detailed approach is
given in Appendix B.

It should be noted here, that the TWMWD could be
obtained by direct integration of the original macromolecu-
lar balances (Eq. (1)) without invoking QSSA or CVA
(‘theoretical solution’). The validity of these assumptions
for non-linear copolymerization, is re-examined in this
work, by comparing the calculated distribution with the
theoretical solution. Both solutions (with and without
assumptions) follow the same integration scheme. The
only difference is the computational efficiency of the
solution.

Moreover, the uniform copolymer composition assump-
tion was justified, for the first time to our knowledge, in non-
linear copolymerization by comparing the mean molecular
weights of the calculated distribution with the correspond-
ing ones obtained by the method of moments. Additionally,
in Appendix A, a review of the moments of bivariate
number chain length distribution (NCLD) and the definition
of the mean molecular weights as well as copolymer
composition is given. Detailed equations for the leading
moments reaction rates of bivariate NCLD are given by Ray
and co-workers [30,45,54].

Please, note that in the present method only the zero
order moments of live radical distribution and the first order
moments of dead polymer distribution are required to
calculate the entire MWD.

4. Results and discussion

For our simulation studies an isothermal batch reactor of
11t was considered. Model parameters are given in Table 1.
At low conversion, the rate of termination of the macro-
radical coils is governed by segmental diffusion of the coils
ends. The increasing polymer concentration lowers the
thermodynamic quality of the solvent, shrinking the
macroradical coils and thereby increasing the segmental
concentration gradient across them. [51-53] According to
O’Driscoll and co-workers [55], this results in a reduction in
the rate of polymerization during the initial steps of
polymerization that can be modeled by the following
equation:

k.. Koo
i=ﬂ=1+AU[c] ij=1,2 4)
ko ij kyg
where k; are the termination rate constants (either by

combination or by disproportionation), k,;; denotes termin-
ation kinetic rate constants at zero polymer concentration,
kiseg; are the segmental-diffusion-controlled termination
rate constants, [c] is the polymer concentration in g/l and 4
is a parameter dependent on macroradical molecular weight
and solvent quality. Following Hamielec and co-workers
[51-53] we set A,-j equal to 2.5 X 1073 l/g for all
termination reactions.

As the reaction proceeds and the polymer concentration
increases, there is a transition from segmental- to transla-
tional-diffusion control. This transition corresponds to the
onset of the gel effect and is associated with a critical total

Table 1
Physical constant for copolymerization numerical experiment

A. Kinetic rate constants

Reaction Value Units

Initiation, k4 (efficiency: 0.5) 22%x107* s

Chain initiation, k;, (kpt1 + k1) Imol 's™!
Chain initiation, k;, (kp2a + kp12) Imol 's™!
Propagation, ky; 1971.0 Imol 's™!
Propagation, k;, 9900.0 Imol 's™!
Propagation, ky, 900.0 Imol 's™!
Propagation, & 2971.0 Imol 's™!
Transfer to monomer, ki, kpi1 X 1073 Imol 's™!
Transfer to monomer, k1, kpi1 X 21073 Imol 's™!
Transfer to monomer, k), kpi1 X 41073 Imol 's™!
Transfer to monomer, k> kpi1 X 1.1073 Imol 's™!
Transfer to polymer, kg, kpi1 X 5.51073 Imol 's™!
Transfer to polymer, ki, ki1 X 5.51073 Imol 's™!
Transfer to polymer, ki, kpi1 X 551073 Imol 's™!
Transfer to polymer, ki, kpi1 X 5.1072 Imol 's™!
Termination by combination, k11 1.55 x 10° lmol 's™!
Termination by combination, ki 2 (kie11 X kie22)0.5 Imol 's™!
Termination by Combination, Ko 22 2.55% 10° Imol !s™!
B. Initial concentrations (mol/l)

Initiator 0.05

Monomer 1 13.82

Monomer 2 10.82
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conversion X,;.[51-53]. Total conversion X, is defined as:

Z Cm(),iymi

=12

Z CmO,i

i=1,2

X:

where C,; is the ith monomer initial concentration and y,,;
is the ith monomer fractional conversion as calculated by
the respective monomer balance.

Without any loss of generality we assume a X;; value of
0.2 for copolymerization with kinetic rate constants given in
Table 1.

To enlarge the effect of uniform copolymer composition
on calculated MWD, high values of transfer to polymer
kinetic rate constants are selected. Molecular weight of
monomer 1 was 86 g/g mol and the respective value for
monomer 2 was 158 g/g mol.

The computational efficiency of the method was shown
by selecting relatively small values of the integration
parameters. The step for the integration of dead polymer
equations with respect to time (fy.,) was 10 s; chain length
step (mstep) was 1, resulting in a highly coupled non-linear
system of 1.2 10° differential equations. With these
parameters, total real time for execution in a personal
computer operating at 2.7 GHz was about 2 min for
the solution with assumptions as opposed to 3 h to find a
solution without employing QSSA and CVA (theoretical
solution). Source codes written in FORTRAN 77 are
available by directly contacting the author of this work.

Fig. 1 shows monomers conversion and mole fraction
copolymer composition as a function of polymerization
time.

Figs. 2 and 3 illustrate the effect of chain length step
(mstep) and time step (zstep) on the calculated MWD. Fig. 2
completely justifies continuous variable approximation

because a remarkable increase in chain length step (nstep)
has little effect on the calculated distribution. Fig. 3 shows
that a significant increase in time step integration introduce
negligible errors in calculations.

In Figs. 4—7 we compare, average molecular weights as
calculated independently from the method of moments with
present model calculations to validate the assumption of
uniform copolymer composition implemented in model
development. Please, note that in the calculations of average
molecular weights using the method of moments (see
Appendix A), the assumption of uniform copolymer
composition was not made.

It should be noted here, that as the chain transfer to
monomer Kinetic rate constants increase (Case IV) more
polymer chains with low molecular weight are produced
leading to a decrease in number average molecular weight.
In Case IV, the uniform copolymer composition assumption
is not expected to be valid because most polymer chains
produced, have small chain length. However, an excellent
agreement for Case IV of average molecular weights as
calculated using the method of moments with calculated
values by using the present method is illustrated in Figs. 6
and 7. This agreement is attributed to the fact, that as the
transfer to monomer kinetic rate constants increase the
contribution in molecular weight development of transfer to
polymer reactions decrease. Therefore, the error due to
uniform copolymer assumption becomes negligible. The
excellent agreement illustrated in all cases (Figs. 4—7)
completely justifies the uniform copolymer composition
assumption. It should be noted here that the critical
conversion X_;, considered in all simulations, corresponds
to the maximum molecular weights (Table 1,Case I). In fact,
as the transfer to polymer kinetic rate constants decrease
(Cases II and III) or as the transfer to monomer kinetic rate
constants increase (Case IV) molecular weights decrease,
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Fig. 1. Monomer conversions and copolymer composition as a function of polymerization time.
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Fig. 2. Total weight molecular weight distribution as a function of chain
length step (mstep). Polymerization time 2400 s. Kinetic rate constants as in
Table 1. ty., = 10 s.

step

the onset of the gel effect is delayed, its magnitude is
reduced and therefore higher values of X, are expected.
Figs. 8 and 9 depict TWMWD after 2400s of
polymerization, as a function of chain transfer to polymer
and chain transfer to monomer kinetic rate constants. In Fig.
8, theoretical solution and calculated distributions coincide,
justifying QSSA. It was also shown that as the transfer to
polymer kinetic rate constants increase, calculated maxi-
mum of MWDs corresponding to NAMW decreases, while
there is an accumulation of polymer chains at high
molecular weight, leading to an increase of WAMW and
broader distributions.
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Fig. 3. Total weight molecular weight distribution as a function of time step
(tstep). Polymerization time 2400 s. Kinetic rate constants as in Table 1.
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Isep = 10's.

In Fig. 9, the effect of chain transfer to monomer kinetic
rate constants on calculated distribution is shown. The
increase of chain transfer to monomer kinetic rate constant
leads to narrower distributions with increased maximum
values.

In Fig. 10 TWMWD is depicted as a function of
polymerization time. As time proceeds, polymer weight
near the tail of the distribution increases, due to the
acceleration of the chain transfer to polymer reaction rate,
caused by an increase in conversion and resulting in a
significant increase in WAMW (Fig. 5). However, the
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Fig. 5. Comparison of calculated weight average molecular weights with
obtained by the method of moments. Kinetic rate constants: Case I as in

Table 1. Case II kpp; = 0.5 X ky;. Case I ky; = 0.1 X kypyj. ngep = 15

tpij tpij
Iyep = 10's.

tpij+



G.D. Verros / Polymer 44 (2003) 7021-7032 7027

40000 —

—+—  Present Model Case I
—<&—  Present Model Case IV

| - [E - Method of Moments Case I
— 4 - Method of Moments Case IV
10000 —

Number Average Molecular Weight
:
\

R L L L L

0 500 1000 1500 2000 2500
Polymerization Time (s)

Fig. 6. Comparison of calculated number average molecular weights with
obtained by the method of moments. Kinetic rate constants: Case I as in
Table 1. Case IV kj;i = 10 X Ky Ryep = 1 tep = 10's.

position of the distribution peak is almost unaffected,
resulting in an almost constant NAMW (Fig. 4).

To further validate reaction mechanism and modeling
assumptions, the proposed method for the calculation of
TWMWD is applied to p-methylstyrene (p-Mst)/acryloni-
trile (AN) bulk copolymerization in a batch reactor. This
copolymerization was studied experimentally and theoreti-
cal by Hamielec and co-workers [53] and is a typical
example of chemical initiated non-linear copolymerization.
The kinetic rate constants used in their model are given in
Table 2. The segmental diffusion was modeled by
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Fig. 7. Comparison of calculated weight average molecular weights with
obtained by the method of moments. Kinetic rate constants: Case I as in
Table 1. Case IV ki = 10 X kipyjj. Nyep = 15 tyep = 10's.
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Fig. 8. Total weight molecular weight distribution at polymerization time
2400s’ as a function of transfer to polymer Kinetic rate constants.
Continuous lines: model predictions. Broken lines: theoretical solution.
Kinetic rate constants: Case I as in Table 1. Case II k,,;; = 0.5 X kipij- Case

tpij
LKy = 0.1 X Ko gep = 15 fyep = 10's.

O’Diriscoll and co-workers model [55] (Eq. (4)). According
to Hamielec and co-workers [53] the Aij is equal to
2.5 % 1072 I/g for all termination reactions. Simulations in
our present work were run until the onset of the gel effect
which is associated with a total critical conversion X_j;.
Values of X, as a function of process conditions are given
in the original work of Hamielec and co-workers [53].
Polymerization temperature was equal to 80 °C. The
following numerical parameters were used in all simu-
lations: tstep was 10 s; chain length step (mstep) was 1,
resulting in a highly coupled non-linear system of 1.2 X 10°
differential equations.

Following Hamielec and co-workers [53], in Figs. 11 and
12 total conversion for different initial initiator (AIBN)
concentration and initial p-Mst mole fraction (Fj) is
compared with experimental data [53].
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Fig. 9. Total weight molecular weight distribution at polymerization time

2400s’ as a function of transfer to monomer kinetic rate constants. Kinetic

rate constants: Case I as in Table 1. Case IV k(m[j = 10 X kypyjj- Ngep = 15

tyep = 10 s.

step

In Figs. 13 and 14 p-Mst residual mole fraction is plotted
as a function of total conversion for different initial initiator
(AIBN) concentration and initial p-Mst mole fraction (F).
The good agreement depicted between experimental data
and model predictions shown in Figs. 11-13 validates the
reaction mechanism assumptions such as the inclusion of
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Fig. 11. Total conversion as a function of polymerization time for p-
Mst/AN copolymerization. Polymerization temperature 80 °C. Initial
initiator concentration 0.01 M.

the penultimate effect in given rate constants at low
conversion.

In Figs. 15 and 16 average molecular weights for
different initial initiator (AIBN) concentration and initial
p-Mst mole fraction are compared with present model
calculations as well as with experimental data obtained by
Hamielec and co-workers [53] by using size exclusion
chromatography (SEC) and low-angle laser light scattering
photometry (LALLSP). The excellent agreement between
present model average molecular weight calculations and
the ones obtained using the method of moments validates
the present method.
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Fig. 10. Total weight molecular weight distribution as a function of Fig. 12. Total conversion as a function of polymerization time for p-
polymerization time. Kinetic rate constants as in Table 1. nge, = 1; fyep = Mst/AN copolymerization. Polymerization temperature 80 °C. Initial
10s. initiator concentration 0.05 M.
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Table 2
Kinetic rate constants for PMS-AN copolymerization [53,56]
Kinetic rate constants Value Units
Initiation AIBN, k4 (efficiency: 1) 1.05 X IO'Sexp(— 15500/T) g7t
Chain initiation, k;, (k11 + kp21) Imol 's™!
Chain initiation, k;, (k22 + kpi2) Imol 's7!
Propagation, 1.05 X 107exp(—3557/T) Imol 's™!
Reactivity ratio, ry = kyyi/kpio 0.26 £ 0.02 -
Reactivity ratio, r; = ky/kp 0.066 = 0.029 -
Propagation, ky, 1.047 x 10%exp(—3663/T) Imol 's™!
Transfer to polymer, ki 1.1X 10’4kp11 Imol 's™!
Transfer to polymer, k1o 1.1x 10_4kp1, Imol 's™!
Termination by combination, kg, (1.31 = 0.13) x 10 Imol 's™!
Termination by combination, ki 1> (131 + 0.13) x 10° Imol 's™!
(1.31 = 0.13) x 10 Imol 's™!

Termination by combination, k2>

Finally, in Fig. 17 TWMWD, as calculated using the
present method, is depicted as a function of total conversion.
Maximum value of the distribution is almost constant,
resulting in an almost constant NAMW (Fig. 15) and
narrower distributions are obtained at higher total conver-
sions corresponding to a decrease in WAMW (Fig. 15).

5. Conclusions

In the present work we developed a simple and effective
method for calculating MWD of non-linear copolymers
produced by free radical polymerization. This method is
based on direct integration using single step methods of a
large non-linear system of differential equations describing
the conservation of macromolecular species in the reactor.
Application of the quasi steady state approximation and the
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Fig. 13. p-Mst residual mole fraction as a function of total conversion for p-
Mst/AN copolymerization. Polymerization temperature 80 °C. Initial
initiator concentration 0.01 M.

continuous variable approximation as well as uniform
copolymer composition assumption reduce computational
load and execution time, without introducing significant
error in results.

This method has general value and can be applied in
other free radical polymerization systems to calculate
MWD, thus leading to a more rational design of polym-
erization reactors.
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Appendix A

Let Rfl’m and P, , denote the concentrations of live and
dead polymer, having n units of monomer 1 and m units of
monomer 2, respectively. Based on the previously described
copolymerization mechanism one can directly derive the
following polymerization rate functions for the bivariate
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Fig. 16. Comparison of calculated average molecular weights for p-Mst/AN
copolymerization with experimental data [53] and ones obtained using the
method of moments F, = 0.56. Polymerization temperature 80 °C. Initial
initiator concentration 0.05 M.
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step T

number chain length distribution (NCLD):

2
rri = | KiPR™M; + > kMR + kiSRG | 8(n+i — 2,m
j=1

2 2
F1= D+ D kMR iy — D kMRS,
j=1 j=1

2
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j=1

2 2 ) ) 2 2
— _ i i
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Xk

XR, R, (A1)

n—r.m—gq

2 2 o o0

A = (kM + (kigij + keai)R) + kS + D kg > >

=1 j=1 n=0 m=0
X im' P, ,

Where 8(a,b) = 8(a)d(b), & is Kronecker’s delta. Rl =
S0 Sm_o R, is the total radical concentration of radicals
type i.According to Ray and co-workers [30,45] the leading
moments of the bivariate NCLD associated with live and
dead polymer chains are defined as:

(o) 00 00 00
[ k_lpi . _ k1
/\kll - Z z nm R;’L,I‘ﬂ’ Mt = Z nm Pn,m (AZ)
m=1 n=1 m=1 n=1
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The corresponding reaction rates for the moments can be
obtained from Eq. (A1) by multiplying each term by n*m!
and summing over the total variation of n and m. The final
equations for the moment rate functions are:

2
N, = (knPR*Mf + D kM Xoy + ktsiSA’oo)8<k>6<1)
j=1

2 kK (k\ . !
+ kajiM,((z -y ( )A{., +G@-D
j=1 =0 \T r=0

2
x( )A@,) ka,jMJAk, Adg+>
r=1

2

(!
X kipri Ao Z ( ,),U«k+1,,' +2—1) Z
i \J

r=1

2
D) kit 1400 (A3)

r=1

2 2 2
> ktcij/\{)o))‘;cl =D kgl @ — Drtrry

j=1 q=1 r=1

X Ky bge1,1A00 + (0 —

2
Ty = z;_ (Ai -
=

2 2

’ kol
+ (g — Dptyes11A00 + 5 Z Z kicrg Z Z( )
J

r=1 g=1 i
)
X /\}:/)\Z il—j
J

Combining the above reaction rates with the reactor design
equation results in a low order stiff system that is solved
numerically. The number average molecular weight
(NAMW) and the weight average molecular weight
(WAMW) as well as the copolymer composition, expressed

as mean mole fraction CC" of i monomer in copolymer are
given as a function of the leading moments:

(MW 19 + MW, p01)

NAMW = ;. WAMW
Moo
_ MW, (pa0 + pi1) + MW (o + p11) (A4)
10 + Mot
cch=__H0__. cc® = -¢cch
(10 + Ro1)

Where MW, is the ith monomer molecular weight.

Appendix B

By applying QSSA live radicals mass balances (Eq. 1)
become time invariant equations (rRZ = 0). These equations
by introducing the expanded live radical concentration in a
Taylor series (Egs. (2) and (3)), are written in the following

form:

2
(kl,-PR*M,» + > kMR + kts,»SRé)S(L -1
j=1

—R__ )
nstep
+ Z kP/lM RI Z p/l nstep
1 2 k (R] 2RI]L nstep + RIL—Znslep)
+§ Z Pt Ste
5 nstep’

Z koiM;R:, — AR}, + Z ki CC'LP R} = 0
J= j=1

i=1,2
(BI)

Using single step methods such as backward Euler one can
solve dead polymer conservation mass balances (for
simplicity only BR case is shown):

PL — Pt tstep + tstep (B2)

or equivalently

2 2 2 2
T L WA RIRES S g
i=1 = =1

1 i=1 j=1

2 2
(1 +rstepd Y ktpj,-CC(L’)LR’O)
i=1 j=1

(B3)

2 2 [ oo
A= kM + (ki + kg RY) + kS + D kipig > D
=1 j=1 n=0 m=0

% n27tm171Pn’m

Where P} denotes dead polymer concentrations having total
chain length L, at time ¢; tstep is the respective integration
step.rp, represents dead polymer rate functions (see Eq. (1))
calculated at time t.

By applying uniform copolymer composition assumption
(CCYY = CCP) and introducing Eq. (B3) in (B1) an
algebraic system is derived. One can directly solve this
algebraic system to obtain live polymer MWD. Once this
distribution is calculated, dead polymer distribution is
directly calculated from Eq. (B3).
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